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Abstract13

This paper analyzes different methods to simulate sea surface waves over a large area14

rapidly and with low computational complexity. Indeed, for wind speed between 1 and15

10 m/s, the area of the sea surfaces must range from 10 to 92, 000 m2 to account for16

all the surface roughness scales which can contribute to the scattering process at mi-17

crowave frequencies. At frequencies higher than 10 GHz, a sampling rate of one-tenth18

of the wavelength can lead to a prohibitive numerical cost. The impact of these ap-19

proaches on the surface power spectral density and on the monostatic normalized radar20

cross section (NRCS) is investigated. The proposed methods consist of splitting the full21

sea surface height spectrum into sub-spectra of smaller extents. Sub-sea surfaces are22

generated and combined from different interpolation and recombination techniques.23

In this paper, an original closed-form expression of the resulting sea surface height24

spectrum is derived to interpret the simulation results. Finally, the efficiency of the25

methods in terms of accuracy and memory requirement is analyzed by computing the26

monostatic NRCS from sea surfaces with the first-order Small Slope Approximation27

(SSA1) scattering model.28

1 Introduction29

Ocean observing systems –and remote sensing in particular– are an effective and30

efficient means to provide environmental data. The data can be useful for weather fore-31

casting and climate change monitoring. One can use the data to conduct modeling to32

better understand and to make appropriate interpretations of the recorded data. More33

specifically, sea surface wave generation over a large area and with a high resolution34

is required in modeling some radar systems [Franceschetti et al., 1998], [Franceschetti35

et al., 2002], [Ghaleb et al., 2010]. Indeed, building a realistic simulator of a real aper-36

ture radar (RAR) in a maritime environment implies the consideration of the spatial37

resolution of the system and correspondingly, the appropriate scale of the model of38

the sea surface waves, in order to be able to compute the electromagnetic wave scat-39

tering from this particular surface [Ghaleb et al., 2010]. Therefore, it becomes crucial40

to have an efficient surface generation technique that does not involve lots of compu-41

tational resources. Actually, modeling the electromagnetic (EM) wave scattering from42

realizations of random rough surfaces –using for example SSA1 [Voronovich, 1986]–43

needs a fine surface sampling grid to obtain accurate results. Commonly, this sampling44

grid size is chosen to be equal to one-tenth of the radar wavelength. Furthermore, a45

wide range of wavenumber is necessary to correctly represent the sea surface geome-46

try. Therefore, EM scattering computations involving a large sea surface area entail47

increased computational cost and may rapidly become prohibitive.48

The EM computations based on a “local-interaction only” approach like a Kirchhoff-49

type integral (such as SSA1) at a single frequency, demand only one numerical inte-50

gration per observation direction. Therewith, the computational cost is dominated51

by the generation of the sea surface. Realizations of the sea wave height profile are52

created from a centered reduced Gaussian process multiplied by the square root of53

the power spectral density in the Fourier domain. The required memory for such a54

method, with the Fast Fourier Transform (FFT), can exceed the available memory for55

large scenes. A fast and memory cheap simulation of a sea surface has been described56

in [Pinel et al., 2014][Jiang et al., 2015]. Pinel et al. studied the slope probability57

density function and the slope autocorrelation function after dividing the spectrum of58

the sea height profile into two parts and generating sea surfaces with different spatial59

resolutions and different spatial areas. In [Jiang et al., 2015], a Spectral Decomposi-60

tion Method (SDM) has been introduce to reduce the memory requirements and to61

generate different-scale rough surfaces. In the SDM, the complete height spectrum is62

divided into several parts, each one used to generate a specific surface roughness. This63

method is particularly well-suited to perform unified device architecture (CUDA) par-64
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allel computation. The same method has been studied for sea surface wave generation65

in [Jiang et al., 2016] and tested with SSA1 by simulating the sea surface NRCS and66

Doppler spectra. The Doppler spectrum of the sea surface has also been studied in67

[Wei et al., 2018].68

In this paper, the computational cost of the SDM approach and the conventional69

one –which corresponds to the spectral method for sea surface realizations which is70

extensively described in [Tessendorf , 2001]– are compared and the monostatic nor-71

malized radar cross section (NRCS) is computed with SSA1. The first originality of72

this paper is to provide a quantitative analysis of the spectral decomposition method.73

Truly, this particular sea surface generation is analytically described and developed to74

express its computational complexity. Secondly, a study is performed to highlight the75

impact of both the interpolation process (to overcome spatial resolution issues) and76

the two suggested combination techniques (to solve the large spatial extent issue) on77

the sea surface geometry characteristics and on the monostatic NRCS. The latter is78

computed by using the SSA1 introduced by Voronovich et al. [Voronovich, 1986]. Ar-79

guably, this model is relevant due to an easy-to-use expression and it provides accurate80

results. Indeed, regarding more complex models like the full SSA, the SSA1 model81

can predict the NRCS with a precision of 1 and 2 dB for the VV and HH polariza-82

tions, respectively [Voronovich and Zavorotny , 2001], [McDaniel , 2001], [Bourlier and83

Pinel , 2009], [Bourlier , 2018]. However, the spectral decomposition method remains84

applicable for more complex scattering methods anyways.85

This paper is organized as follows. Section 2 details the formalism of the SDM86

which describes a split-spectrum process and a reconstructed sea surface generation87

with an interpolated surface and a combination technique. The computational com-88

plexity and the memory consumption of the SDM are also made explicit. Section 389

presents the SSA1 method, the sea surface NRCS expression and the link between the90

sea surface parameters and the electromagnetic scattering characteristics. Section 491

presents numerical results for a two-dimensional problem by evaluating the sea surface92

height spectrum and the height structure function. The monostatic NRCS computed93

with the SSA1 method considering a conventional sea surface generation and the SDM94

are described before discussing the influence of the SDM parameters in Section 5.95

2 Sea Surface Generation and Spectral Decomposition Method96

This section provides the theoretical materials of the paper. It develops the97

sea surface model, the formalism of the spectral decomposition method and the sea98

surface generation with an interpolated surface and a combination technique. Also,99

the significance of the spectral decomposition method is highlighted by explicit figures100

for the computational complexity and the memory consumption.101

2.1 Sea Surface Model102

The height of the sea surface H(r, t) is conventionally given in spectral form (see103

[Tsang et al., 2002]). The generic expression is104

H(r, t) = Re

[∫
R2

√
S(k)E(k)e−jω(k)tejk·rdk

]
, (1)105

where r = (x, y) are the Cartesian position coordinates, t the time, S(k) the sea106

height spectrum, k the wavenumber vector, E a Gaussian process –with zero-mean107

and unit standard deviation– and ω(k) the pulsation defined by means of a dispersion108

relation [Elfouhaily et al., 1997]. This conventional expression can be very efficiently109

computed with the Fast Fourier Transform (FFT). However, EM scattering compu-110

tation using rigorous techniques requires a fine sampling of the surface and this may111

lead to prohibitive computing resources at high frequency and for high sea states in a112

–3–
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three-dimensional problem. For this reason an optimization of the method is proposed113

by applying a decomposition of the spectrum.114

2.2 Spectral Decomposition Method115

To optimize memory requirements and computation times of sea surface wave116

generation, the general idea is to decompose the surface into sub-surfaces in the spectral117

domain. To introduce the spectral decomposition method; first, function Γ is defined118

by119

Γ(k, t) =
√
S(k)E(k)e−jω(k)t. (2)120

Then, this function is decomposed as a sum of N functions Γn defined by121

Γn(k, t) =

{
Γ(k, t) if kn ≤ ‖k‖ < kn+1

0 otherwise,
(3)122

with Γ defined in (2), ‖·‖ the norm of a vector, k the wavenumber vector, kn the123

cutoff-wavenumber, for which k0 = 0, kN = +∞ and n ∈ [0, N−1]. Consequently, one124

has to choose N−1 cutoff-wavenumbers kn to define Γn. Eq. (1) can then be rewritten125

as126

H(r, t) = Re

[
N−1∑
n=0

∫ ‖k‖=kn+1

‖k‖=kn
Γ(k, t)ejk·rdk

]
(4)127

= Re

[
N−1∑
n=0

∫
R2

Γn(k, t)ejk·rdk

]
128

=
N−1∑
n=0

hn(r, t),129

with hn(r, t) the height of the sea surface generated from the n-th spectral constituent130

Γn. The full sea surface H(r, t) is obtained by summation of all N constituent sea131

surfaces corresponding to the various roughness ranges.132

2.3 Reconstructed Sea Surface133

Geometry Definition134

To illustrate the splitting-up process introduced in (3), an example is presented135

here. The sea height spectrum in (1) is divided into two sub-spectra S0 and S1 derived136

from the function Γn in (3). These sub-spectra lead to the realization of two elementary137

sea surfaces h0 and h1 (4).138

–4–

©2019 American Geophysical Union. All rights reserved. 



Confidential manuscript submitted to JGR-Oceans

Figure 1: Isotropic part of the sea surface height spectrum S. The spectrum S is split
up into two sub-spectra S0 and S1 using the model of Elfouhaily et al. [Elfouhaily et al.,
1997]. Wind speed is u10 =8 m/s.

Figure 2: Realization of the two elementary sea surfaces h0 and h1

Figure 1 plots an example of the splitting-up process to generate two elementary sea139

surfaces h0 and h1 (Figure 2) from the two sub-spectra S0 and S1 defined on [V0, V1]140

and [V1, V2] respectively. Here, by using the FFT, the wavenumber V0 fixes the length141

L0 of the first sea surface h0, V1 = π/∆X0 is the chosen cutoff-wavenumber linked to142

the length L1 of the second sea surface h1 and to the spatial sampling interval of h0143

marked ∆X0. At last, V2 = π/∆X fixes the spatial sampling interval of the second144

sea surface h1 marked ∆X. To sum up, two elementary sea surfaces h0 and h1 are145

generated with two different lengths and two different spatial sampling intervals which146

are (L0,∆X0) for h0 and (L1,∆X) for h1. They correspond to the low and high parts147

of the sea spectrum plotted in Figure 1.148

–5–
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In the general case, computing sea surface implies choosing a surface size Lx×Ly149

(or Mx ×My sampling points) and sampling intervals (∆x,∆y). For more clarity, in150

this paper, the surface length and the sampling interval to generate the sea surface151

H are chosen such that Lx = Ly = L0 and ∆x = ∆y = ∆X, respectively. Then,152

SDM in its practical form –that is in discretized form– consists in generating the N153

constituent sea surfaces defined by the N functions Γn in (3) via FFT. Considering the154

discretization problem along only one axis (to lighten the expressions), the discretized155

wavenumbers of the n-th function Γn are Km,n = m∆Kn with m ∈ [−Mn/2,Mn/2]156

and n ∈ [0, N − 1], Mn sampling points and ∆Kn = 2π/Ln the step in the spectral157

domain dictating the n-th surface length Ln = Mn × ∆Xn, ∆Xn being the spatial158

sampling interval of the n-th elementary generated sea surface. Here, ∆K0 = 2π/L0,159

the other steps in the spectral domain are freely selected and correspond to the cutoff-160

wavenumbers kn, n ∈ [1, N − 1] in (4). Moreover, the spatial sampling interval ∆X161

is the one of the N -th elementary generated sea surface, ∆XN−1 = ∆X. So, by162

considering N interlocked sub-surfaces, selecting the cutoff-wavenumbers in SDM leads163

to the parameters of hn in (4)164

Ln =
2π

∆Kn
∆Xn =

2π

Mn∆Kn
, (5)165

with ∆Kn the step in the spectral domain and ∆Xn the sampling interval in the166

spatial domain. In this paper, Mn=M is a constant, this implies167

Ln > Ln+1, (6)168

and, therewith169

∆Xn > ∆Xn+1. (7)170

Consequently, the heart of SDM consists of generating a series of sea surfaces, each one171

with a particular height function over a chosen area and with its appropriate sampling172

interval or mesh.173

However, to be able to superpose the different surfaces corresponding to the174

different roughness scales, the surface meshes must be equal. To solve this problem,175

two techniques are investigated: an interpolation process and a combination technique.176

Figure 3 plots a schematic diagram for the generation of surfaces hn and hn+1 and their177

respective length, Ln and Ln+1, and sampling interval, ∆Xn and ∆Xn+1 according to178

the SDM.179

Figure 3: Schematic diagram for the generation of surfaces hn and hn+1 according to the
Spectral Decomposition Method.

The interpolation process serves to reduce the sampling interval from ∆Xn to180

∆X, the smallest sampling interval. In this paper, three kinds of interpolation are181

studied, namely, linear, quadratic and cubic. The combination technique serves to182

extend a surface height profile computed over a length Ln to a profile over the full183

–6–
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length L0. The interpolation and combination methods are applied hierarchically.184

Figure 3 shows the interpolation and combination steps between two levels of the185

hierarchy. For the sake of clarity, we elaborate a two-dimensional problem and a186

spectrum partitioned into only two parts (see Figure 1). Therefore, the total sea187

surface H is composed of a low-frequencies-scale (LF) constituent hLF and a high-188

frequencies-scale (HF) constituent hHF,T189

H(x) = hLF(x) + hHF,T(x), (8)190

hLF is the interpolated sea surface and hHF,T the combined one.191

Combination Technique Expressions192

Two combination techniques are studied: the Repeated Surfaces Technique (RST)193

and the Combined Surfaces Technique (CST). The RST principle is that the final HF194

surface is composed of A times the same realization of the elementary HF surface195

(this approach is thus directly applicable for a three-dimensional problem). It can be196

formalized by197

hHF,T(x) = hHF(x) ∗
A−1∑
a=0

δ(x− aL), (9)198

with ∗ the convolution product, hHF the elementary HF surface, L its length, hHF,T199

the composed surface of length AL and δ the Dirac distribution. This combination200

technique ensures the continuity of the combined surface hHF due to the periodic-201

ity properties of the FFT. Considering a three-dimensional problem, Jeannin et al.202

[Jeannin et al., 2012] proposed the CST approach. Unlike the RST, this approach203

is well-suited to a random process because it preserves the statistical features of the204

elementary random surface, such as the correlation, the mean value and the variance.205

With a CST adapted to a two-dimensional problem, the composite surface hcomp is206

defined by207

hcomp(x) =

√
d− xz1(x+ L− d) +

√
xz2(x)√

d
, (10)208

with x ∈ [0; d], z1 and z2 two independent rough surfaces with length L. These two209

surfaces are to be combined on an interval d. Then,210

hHF,T(x) =
A−1∑
a=0

hHF,int,a(x) ∗ δ[x− a(L− d)], (11)211

with212

hHF,int,a(x) =

{
hHF,comp,a−1(x) if x ∈ [0; d]
hHF,a(x) if x ∈]d;L− d],

(12)213

hHF,a the a-th realization of the elementary HF surface with a length L and214

hHF,comp,a(x) =

√
d− xhHF,a(x+ L− d) +

√
xhHF,a+1(x)√

d
. (13)215

Thus hHF,int,a is a rough surface of length (L− d). Furthermore,216

hHF,comp,−1(x) =

√
d− xhHF,A−1(x+ L− d) +

√
xhHF,0(x)√

d
, (14)217

to ensure the continuity of the combined sea surface. The length of the composed218

surface hHF,T is equal to (L− d)A. For simplicity, the interval d is taken to be L/2 in219

this work. Figure 4 illustrates a schematic diagram for the generation of the surface220

hHF,T with each of the two combination techniques, RST Figure 4a and CST Figure 4b.221

–7–
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(a) Repeated Surfaces Technique (b) Combined Surfaces Technique

Figure 4: Schematic diagram for the generation of the combined surface hHF,T with each
of the two combination techniques, RST (4a) and CST (4b).

To check the sea spectrum integrity, the HF sea height spectrum from RST is222

expressed, that is the spectrum derived from (9). It can be written as223

SHF,RST(k) =
SHF(k)

A

sin2
(
kAL

2

)
sin2

(
kL
2

) (15)224

with SHF,RST the RST spectrum, SHF the sea height spectrum used to generate the225

A combined surfaces of length L and k is the wavenumber. The proof is detailed in226

Appendix A. Then, from (15), it appears that SHF,RST is the conventional sea spectrum227

SHF modulated by a 2π/L-periodic function. This function has local maxima for228

kL

2
= nπ ⇔ k =

n2π

L
, (16)229

with n ∈ Z.230

2.4 Computational Complexity and Memory Space231

To quantify the efficiency of the SDM, the computational complexity of the FFT232

is a relevant tool. This is expressed as233

O(sT log2 sT ), (17)234

with sT the number of samples used in the FFT. Let us consider a simple 3D case, as235

previously discussed, the spectrum is divided into two parts like in (8), that is236

H(r, t) = hLF(r, t) + hHF,T(r, t), (18)237

where hLF is the interpolated sea surface and hHF,T the reconstructed one. Accord-238

ing to the chosen combination technique, the computational complexity CHF,T of the239

surface generation hHF,T is240

CHF,T =

{
O(s2

HF log2 s
2
HF) if RST

L2

(L−d)2P
2 ×O(s2

HF log2 s
2
HF) if CST,

(19)241

with s2
HF the number of samples of each elementary combined surface of area L2, d the242

CST parameter in (11) and P such as P×L = L0 with L2
0 the area of the total surfaceH.243

The computational complexity of the interpolation process can be considered negligible244

with regard to the one of the FFT. In particular, the computational complexity of linear245

–8–
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interpolation is one multiplication and two additions per sample of output. So, the246

computational complexity CH to generate the sea surface H is247

CH = O(s2
LF log2 s

2
LF) + CHF,T, (20)248

with s2
LF the number of samples of the low-frequencies-scale sea surface before inter-249

polation. For example, suppose sLF =sHF =s, then,250

CH = (1 + α)×O(s2 log2 s
2), (21)251

α = 1 (RST) or P 2L2/(L−d)2 (CST) from (19). However, one of the most interesting252

aspects of the SDM is that the overall generated sea surface does not need to be stored253

to perform the EM wave scattering calculations because of the additivity of the integral254

over the intervals. The actual parameter α remains 1 for RST but becomes only 4255

for CST. Indeed, during the EM wave scattering estimation, only hHF,int,a from (11)256

has to be stored, this surface needs 4 elementary HF surfaces in a three-dimensional257

problem. The equivalent computational complexity Cref for a conventional sea surface258

generation is259

Cref = O(P 2s2 log2 P
2s2). (22)260

Indeed, with a given number of samples s2 and a given sampling interval ∆X, the261

total area of the generated sea surface with SDM is L2 = (P × s × ∆X)2. So, by262

keeping the same sampling interval, (s× P )2 sampling points are needed to reach the263

same area with a conventional approach.264

Figure 5: Computational complexity of sea surface generation versus the number of sam-
ples s with P = 8

Figure 5 sets out the computational complexity of sea surface generation versus265

the number of samples s with P = 8 according to (21) (RST and CST) and (22)266

(Reference). For a number of samples s = 104, this result shows a gain between 12267

and 14 by using SDM rather than a conventional sea surface generation. Figure 6268

plots the computational complexity of sea surface generation versus the parameter P269

–defined in (19)– with s = 213. This time, the gain is between 160 (for CST) and270

200 (for RST) when using SDM with P = 16. These simulations clearly highlight the271

benefits of such a multiscale method.272
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Figure 6: Computational complexity of sea surface generation versus the parameter P
with s = 213

As to memory requirements, by keeping the same notations introduced in (21)273

and (22), the total memory space needed to store generated sea surface data is274

Mref = mP 2s2 (23)275

MH = m(1 + α)s2, (24)276

where m is the memory allocated for an elementary piece of data, Mref the memory277

needed for a conventional sea surface generation and MH the the memory required with278

the SDM, with α = 1 or 4 using RST or CST, respectively. According to Elfouhaily et279

al. [Elfouhaily et al., 1997],[Bourlier et al., 2013], the minimum surface wavenumber280

kmin should verify kmin ≈ 0.3kp with281

kp ≈ Ω2g/u2
10, (25)282

where Ω is the inverse wave age equal to 0.84 in the case of a fully developed sea, g the283

acceleration of gravity and u10 the wind speed at ten meters above the sea. So, with284

a sampling interval of one-tenth of the incident radar wavelength –considering a radar285

frequency of 10 GHz– and u10 =8 m/s; 4, 175, 199, 906 samples are needed to generate286

a conventional 3D sea surface. That is 235 = 34, 359, 738, 368 bytes for a float64287

(m = 8 bytes) which is hardly restrictive in terms of computational resources (34 GB of288

RAM, random access memory, is thus necessary) or about time consumption (to extend289

RAM by reading and writing on flash memory). Furthermore, these values are linked290

to u10 =8 m/s corresponding to a sea state of 4 over 9 in a case of a fully developed sea.291

Then, the higher the sea state is, the more computational resources are needed. For292

SDM, with α= 1 for RST and P = 8 combined surfaces, MH = 1, 043, 799, 976 bytes.293

The memory consumption ratio is 1/32. Table. 1 gives the memory consumption ratio294

MH/Mref versus the parameter P and the combination technique. Once again, the295

SDM is more efficient than the conventional sea surface generation and so, more sea296

states can be considered for a limited memory space.297

–10–
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Table 1: Memory Consumption Ratio

Parameter P RST CST

P = 8 0.031 0.078
P = 16 0.008 0.020
P = 32 0.002 0.005

In this section, it has been shown that the SDM is efficient for simulating a298

sea surface. The main objective of this paper is to efficiently compute the radar299

backscattering of an ocean surface. In order to assess the benefits of the SDM, its300

performance in a radar backscatter modeling needs to be studied too. This is the301

subject of the next section.302

3 Simulated Radar Backscattering: First-Order Small Slope Approx-303

imation304

This section discusses the mathematical and physical links between the sea sur-305

face parameters and the electromagnetic scattering properties. It emphasizes the306

surface-specific parameters –driven by the SDM– that are crucial for the NRCS es-307

timation. The NRCS is computed by a local model, the first-order Small Slope Ap-308

proximation (SSA1) which is accurate in the whole range of incidence angles, from 0◦309

(nadir) to 60◦. The scattering operator is given by [Voronovich, 1986]310

S(ks,k0) =
2(qsq0)1/2B(ks,k0)

Qz

∫
r

e−jQzη(r)e−jQH·rdr, (26)311

where B(ks,k0) is the first-order small perturbation model (SPM1) kernel [Voronovich312

and Zavorotny , 2001], a polarization term. QH and Qz are the horizontal and vertical313

components of the vector Q = ks−k0, respectively. k0 (with −q0 the vertical com-314

ponent) and ks (with +qs the vertical component) are the incidence and observation315

wave vectors, respectively and η(r) is the surface elevation. In its computed form, the316

generated sea surface geometry induces a limited integration area in (26) and it leads317

to the modified scattering operator318

Smo(ks,k0) =
2(qsq0)1/2B(ks,k0)

Qz

∫
Σ

e−jQzη(r)e−jQH·rdr, (27)319

with Σ the effective illuminated area (length in a 2D problem). Then, the incoherent320

NRCS of a finite surface σ0 is expressed as321

σ0(ks,k0) =
〈Smo(ks,k0)S∗mo(ks,k0)〉

κΣ
− 〈Smo(ks,k0)〉〈Smo(ks,k0)〉∗

κΣ
, (28)322

with Smo(ks,k0) defined in (27) and κ a constant equal to π for a 3D problem and323

4k0 for a 2D problem with k0 the radar wavenumber. In this numerical approach, a324

Thorsos beam [Bourlier et al., 2013] of parameter g = L/3 (with L the total length325

of the sea surface) is considered to illuminate the generated sea surface. This beam326

is a tapered plane wave with a Gaussian shape. The tapering is used to reduce the327

incident field to near zero at the edges of the generated sea surface waves and so, to328

reduce the potential edge effects to a negligible level. From (28) and for a Gaussian329

process, an analytical expression of the incoherent NRCS [Bourlier et al., 2005] can330

also be derived,331

σ0(ks,k0) =
4qsq0 |B(ks,k0)|2

κQ2
z

e−Q
2
zσ

2
η

∫
Σ

e−jQH·r
[
eQ

2
zW (r) − 1

]
dr (29)332

=
4qsq0 |B(ks,k0)|2

κQ2
z

∫
Σ

e−jQH·r
[
e−

1
2Q

2
zD(r) − e−Q

2
zσ

2
η

]
dr,333
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with σ2
η the mean square value of the height, W the autocorrelation function of the334

height and D the height structure function defined as335

D(r) = 2
[
σ2
η −W (r)

]
. (30)336

The analytical expression in (29) is the easiest way to calculate the theoretical NRCS337

from an infinite sea surface. But, as previously mentioned, in realistic simulators, the338

spatial resolution of the radar has to be taken into account and this requires a set339

of sea surface realizations and compute the average values in (28). Furthermore, in340

(29), the monostatic NRCS (ks = −k0) is directly linked to the Fourier transform of a341

function F which is related to the sea surface’s geometry characteristics,342

F(r) = e−
1
2Q

2
zD(r). (31)343

So, the correct estimation of the NRCS is linked to the estimation accuracy of the344

function F and the application of the SDM. In what follows, the numerical results of345

key generated surface characteristics –and the function F in particular– are presented346

to assess the advantages of the SDM.347

4 Generated Surface Characteristics348

It is necessary to analyze the characteristics of the generated surfaces with the349

SDM and compare to those obtained with conventional methods. First, the impact of350

the interpolation process (for LF sea surface generation) on sea surface height spec-351

trum is investigated. Secondly, the generated surface characteristics resulting from352

the combination techniques (for HF sea surface generation) introduced in subsection353

2.3 are studied. Thirdly, the height spectrum and the height structure function are354

computed. At last, the key function F from (31) is calculated.355

For a sake of clarity, this study is conducted for 2D problems but the results can356

be extended to 3D problems.357

4.1 Interpolation Techniques358

One scenario is proposed here and the parameters are listed in Table 2. In (19)359

the parameter P is defined as P×L=L0 with L the length of the elementary HF sea360

surface and L0 both the length of the LF sea surface and the one of the total two-scales361

composite surface H (18). Then, by considering the number of samples M and the362

sampling interval ∆X as invariant parameters, the LF sea surface parameters are M363

samples and a sampling interval of P∆X. So, P is the interpolation parameter, moving364

from the sampling interval P∆X to ∆X. Moreover, regarding the elementary HF sea365

surface parameters, M samples and a sampling interval of ∆X are used, implying the366

combination of P elementary surfaces to reach the length L0.367

Table 2: Simulation Parameters

Frequency f 10 GHz
Radar wavelength λ0 0.03 m
Number of samples M 213

Sampling interval ∆X λ0/10
Wind speed u10 8 m/s

–12–
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Figure 7: Isotropic part of the sea surface height spectrum SLF from the model of
Elfouhaily et al. [Elfouhaily et al., 1997]. Wind speed is u10 = 8 m/s. The numerical
spectrum SLF –with sea surface generation– is presented. The cutoff-wavenumber before
the interpolation process kc = 131 rad/m is also displayed. Three interpolation techniques
are illustrated, linear, quadratic and cubic.

Figure 7 illustrates the isotropic part of the sea surface height spectrum from368

the model of Elfouhaily et al. [Elfouhaily et al., 1997]. Three interpolation techniques369

are studied: linear, quadratic and cubic. The full sea surface height spectrum is370

obtained by numerical computation (SLF(k) Num) with a Monte Carlo method by371

generating 500 sea surfaces and computing the mean sea surface height spectrum.372

Figure 7 shows that the interpolated surface creates higher frequency harmonics than373

the original surface. Also, it can be seen that the quadratic interpolation presents over-374

occurred harmonics which can severely disturb the NRCS, especially by using the Small375

Perturbation Method (SPM), which is directly proportional to high-frequencies sea376

surface height spectrum. Besides, linear and cubic interpolations seem to be relevant377

techniques to upgrade the sampling intervals of a given sea surface, creating low energy378

high frequency components. So, the linear interpolation is the best choice which, in379

addition, optimizes computation time and memory resources.380
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Figure 8: Isotropic part of the interpolated sea surface hLF height spectrum from the
model of Elfouhaily et al. [Elfouhaily et al., 1997]. Wind speed is u10 = 8 m/s. Three
interpolation parameters are presented, P = {8; 16; 32}, the interpolation method is linear.
The isotropic part of the sea surface height spectrum from the model of Elfouhaily is also
displayed (Theory).

Figure 8 plots the isotropic part of the interpolated sea surface height spectrum.381

The linear interpolation method is considered here. Three values of the interpolation382

parameter are studied: 8, 16 and 32. The results show a qualitatively-low impact383

of the interpolation parameter , this has to be discussed further after adding the384

reconstructed HF sea surface. Indeed, the isotropic part of the interpolated sea surface385

height spectrum remains less energetic than the isotropic part of the full sea surface386

height spectrum on the interpolation interval; this does not matter here since this387

part of the spectrum will be dominated by the HF part leading to the vanishing of the388

interpolation effect. Besides, the greater the interpolation parameter P , the earlier the389

oscillations occur in the sea surface height spectrum. This phenomenon is explained390

by the chosen sampling interval. Indeed, before the interpolation process, the cutoff-391

wavenumber is kc = π/(P∆X), so, the greater the interpolation parameter P , the392

smaller kc and therewith, the earlier the oscillations occur. Therefore, an interpolation393

process –especially when linear– is efficient to reduce the sampling interval to having394

almost no added cost.395

4.2 Combination Techniques396

The scenario in this section is similar to the one in subsection 4.1, Table 2397

but here, the HF part is considered rather than the LF one. Elementary HF sea398

surfaces are now combined with one of the techniques presented in subsection 2.3.399

Before the combination process, the elementary HF surface length L is M×∆X and400

after combination, the reconstructed HF sea surface length will be P ×L with P401

the combination parameter. Thus, the minimum wavenumber before combination is402

kmin = 2π/L.403
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(a) Repeated Surfaces Technique (b) Combined Surfaces Technique

Figure 9: Isotropic part of the high-frequency sea surface height spectrum SHF from the
model of Elfouhaily et al. [Elfouhaily et al., 1997]. Wind speed is u10 = 8 m/s. The min-
imum wavenumber before the combination process kmin is also displayed. The isotropic
part of the combined sea surfaces hHF,T height spectrum from the two combination tech-
niques introduced in subsection 2.3 are also illustrated; RST (9a) and CST (9b).

Figure 9 plots the isotropic part of the high-frequency sea surface height spec-404

trum. This spectrum is compared to those obtained using combination techniques.405

Figure 9a illustrates the RST spectrum, the theoretical spectrum of RST previously406

derived in (15) is also displayed and is in accordance with the numerical one. The RST407

slightly overestimates the harmonics within the spectrum. Seemingly, the RST spec-408

trum is “noisy”. In fact, regarding (15), the function modulating the high-frequency409

sea surface height spectrum operates as a sampling function (such as the Dirac delta410

function) and so, some harmonics within the spectrum are periodically conserved while411

others are forced to a residual value, like a Dirac comb function. This process en-412

sures a good conservation of the energy within the spectrum. Despite the appari-413

tion of harmonics at wavenumbers smaller than kmin, the CST seems to get the best414

accuracy by ensuring continuity and avoiding overestimated harmonics (Figure 9b).415

Moreover, the SDM height’s mean square value (σ2
HF, X with X the combination tech-416

nique) is in accordance with the conventional one (σ2
HF). Indeed, σ2

HF = 0.084 m2,417

σ2
HF, RST = 0.086 m2 and σ2

HF, CST = 0.083 m2.418
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Figure 10: Isotropic part of the height spectrum of the combined sea surfaces hHF,T from
the model of Elfouhaily et al. [Elfouhaily et al., 1997]. Wind speed is u10 = 8 m/s.
The inspected combination technique is the CST. Three parameters are shown; 8
(kmin = 0.032 rad/m), 16 (kmin = 0.016 rad/m) and 32 (kmin = 0.008 rad/m). The
isotropic part of the sea surface height spectrum from the model of Elfouhaily is also
displayed (Theory).

Figure 10 plots the height spectrum of the combined sea surfaces by using the419

CST. Whatever the parameter P is (between 8 and 32), the height spectrum is quali-420

tatively similar.421

4.3 Height Spectrum and Height Structure Function422

The SDM is applied to create an M×P -samples composite two-scales sea surface423

with a sampling interval ∆X. Firstly, one sea surface with M samples and a sampling424

interval P ×∆X is generated and then linearly interpolated to get a new sampling425

interval ∆X, this is the LF sea surface. Secondly, one sea surface with M samples and426

a sampling interval ∆X is generated to perform RST (2P realizations are necessary427

for CST) and therefore, to create a combined sea surface with M×P samples and428

a sampling interval ∆X, this is the reconstructed HF sea surface. Then, these two429

surfaces are added to generate the composite two-scales surface. Notice that, to avoid430

spectral redundancy between the two spectra used to generate these two surfaces,431

harmonics in the interval I are forced to 0 in the first spectrum –that is the LF part–432

with433

I =

[
2π

M∆X
,

π

P∆X

]
. (32)434

The frequency is 10 GHz, M=213 samples, ∆X=λ0/10 with λ0 the wavelength, P =8435

and the wind speed u10 is 8 m/s. This generation is repeated in a Monte Carlo process436

by generating 500 composite two-scales sea surfaces.437
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(a) Repeated Surfaces Technique (b) Combined Surfaces Technique

Figure 11: Isotropic part of the full sea surface height spectrum S(k) from the model of
Elfouhaily et al. [Elfouhaily et al., 1997]. Wind speed is u10 = 8 m/s. The isotropic part
of the composite two-scales sea surface H height spectrum from the two combination tech-
niques introduced in subsection 2.3 are also illustrated; RST (11a) and CST (11b) with
P = 8.

Figure 11 plots the isotropic part of sea surface height spectrum. This spectrum438

is compared to those obtained using the SDM. Once again, harmonics at wavenum-439

bers smaller than kc = 2π/(M∆X) are greater than their theoretical counterparts in440

CST, Figure 11b. Indeed, this technique is based on the combination of independent441

surfaces. Figure 11a illustrates the RST. As previously depicted in Figure 9, the RST442

overestimates the harmonics within the spectrum. Finally, the CST again gets the best443

accuracy by ensuring continuity and avoiding overestimated harmonics. To complete444

the spectral investigation of SDM, a spatial analysis of the height structure function445

introduced in (30) is interesting. Indeed, this quantity leads to the NRCS estimation446

by using SSA1 (29).447

Figure 12: Height structure function D from the model of Elfouhaily et al. [Elfouhaily
et al., 1997]. Wind speed is u10 = 8 m/s. The theoretical height structure function D is
plotted in solid black line. The composite two-scales sea surface H height structure func-
tion from the two combination techniques (subsection 2.3) are illustrated in dashed-red
and discontinuous-blue line; RST and CST, respectively, with P = 8.
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Figure 12 plots the theoretical height structure function D(x) estimated from448

(30). This height structure function is compared to the two obtained with SDM. The449

RST produces oscillations within the height structure function. This phenomenon450

is induced by the repetition process and so, by the correlation renewal between one451

surface elevation point and its copy, located every M×∆X meters. The CST height452

structure function is qualitatively in accordance with the theoretical one. Furthermore,453

the overestimation of the height mean square value σ2
η is induced by the interpolation454

process which creates –as previously described in subsection 4.1– high-frequency har-455

monics in the spectrum. Still, this overestimation remains quantitatively low.456

4.4 From sea surface characteristics to NRCS457

The right description of the function F defined in (31) is a crucial step into458

the NRCS computation. Indeed, as previously described, this function is one of the459

key-parameter in the analytical expression of the NRCS with SSA1 (29). Despite a460

modified description of the sea surface height spectrum by SDM, by ensuring a non-461

impact of combination techniques on the function F , SDM becomes an advantageous462

way to compute the NRCS from sea surfaces.463

(a) Incidence Angle 0◦ (b) Incidence Angle 60◦

Figure 13: F function from the model of Elfouhaily et al. [Elfouhaily et al., 1997]. Wind
speed is u10 = 8 m/s for a frequency f = 10 GHz. The theoretical F function is plotted
(Theory). The F functions from the composite two-scales sea surface H with the two
combination techniques (subsection 2.3) are illustrated; RST and CST.

Figure 13 plots the theoretical F function. Those computed by using SDM464

and the two different combination techniques, RST and CST, are also displayed. Two465

incidence angles are considered here, θ=0◦, which is located in the Geometrical Optics466

domain, and θ= 60◦ in the Bragg scattering domain. SDM is in agreement with the467

theory independently of the combination technique used. Therefore, according to468

(31), the SDM should not disturb the NRCS estimation. This statement is assessed469

hereafter.470

5 Sea Surface Monostatic NRCS471

A two-dimensional problem is considered to compute the sea surface NRCS. The472

same parameters introduced in Table 2 are chosen and the SDM parameter P (that is473

either the interpolation parameter or the combination one) is 8. The sea surface NRCS474

is computed with a monostatic configuration and the sea dielectric permittivity ε is475
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53.2 + j37.8. To obtain this NRCS, a hundred of sea surfaces are generated. Thus,476

the surface length is M×P×∆X≈196 m and the gravity waves are correctly taken into477

account in the sea surface height spectrum (25). For this scenario, the impact induced478

by the combination technique –and therefore the SDM– on the sea surface NRCS is479

studied.480

(a) Incoherent monostatic NRCS versus the

incidence angle, VV polarization

(b) Incoherent monostatic NRCS versus the

incidence angle, HH polarization

(c) Incoherent monostatic NRCS ratio versus

the incidence angle, VV polarization

(d) Incoherent monostatic NRCS ratio versus

the incidence angle, HH polarization

Figure 14: The wind speed is 8 m/s for a frequency f = 10 GHz in VV and HH polariza-
tions. Comparison of the NRCS from conventional sea surface generation and the NRCS
from SDM, considering the two different combination techniques. 100 surfaces of length
L=196 m were generated.

Figures 14a and 14b plot the incoherent monostatic NRCS versus the incidence481

angle from a conventional sea surface generation –spectral method introduced in sub-482

section 2.1– and from SDM with either RST or CST. The ratios between RST / CST483

and the reference are also shown in Figures 14c and 14d. One can see that the SDM484

and any of the suggested combination techniques do not quantitatively disturb the485

NRCS estimation, both in VV and HH polarizations. For RST, the maximal error is486

±1 dB and for CST, the error is about 0 dB after the incidence angle 15◦ and remains487

inferior to ±1 dB along the incidence angle track. The error function is similar for488

both polarizations. Indeed, only the sea surface generation process is modified and this489

does not impact on the polarization term within SSA1 (26). Two more scenarios are490

investigated in Appendix B: again, it is observed that the SDM and any of the sug-491

gested combination techniques do not quantitatively disturb the NRCS in VV and HH492
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polarizations. Thus, SDM with RST is an efficient means to perform numerical com-493

putation of the sea surface NRCS. Then, the effect of the parameter P is investigated.494

Three values are chosen, P = {8, 16, 32} corresponding to the memory consumption495

ratios {0.031, 0.008, 0.002} for RST (Table 1). To keep the same sea surface length,496

the number of samples M is modified in consequence and the sampling interval is kept497

constant, ∆X = λ0/10, as previously stated. The two polarizations VV and HH are498

studied.499

(a) Incoherent monostatic NRCS versus the

incidence angle, VV polarization, RST and

CST - 10 dB

(b) Incoherent monostatic NRCS versus the

incidence angle, HH polarization, RST and

CST - 10 dB

(c) Incoherent monostatic NRCS ratio versus

the incidence angle, VV polarization, RST and

CST - 2 dB

(d) Incoherent monostatic NRCS ratio versus

the incidence angle, HH polarization, RST and

CST - 2 dB

Figure 15: The wind speed is 8 m/s for a frequency f = 10 GHz in VV and HH polar-
izations. Comparison of the NRCS with different P parameters and considering the two
combination techniques. 100 surfaces of length L = 196 m were generated. CST - X dB
stands for an offset of X dB to improve the discrimination between the two techniques.

Figures 15a and 15b plot the incoherent monostatic NRCS in VV or HH polar-500

ization versus the incidence angle from SDM with either RST or CST and by applying501

different P parameters. The two combination techniques are distinguished by an offset502

(−10 dB for CST). The results show a same trend for VV or HH polarizations, the503

tested P values show no impact on the result. This observation is confirmed by Fig-504

ures 15c and 15d. Indeed, the NRCS ratio between P ={16, 32} and P =8 is inferior to505

±1 dB along the incidence angle track, and so, whatever the investigated combination506

technique. Again, the two combination techniques are distinguished by an offset (−2507
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dB for CST). Like in Figures 14c and 14d, these error functions are similar; the sea508

surface generation process does not interfere with the polarization term in SSA1 (26).509

From the results presented in this paper, it can be finally concluded that SDM510

can be used to compute the NRCS of an ocean surface.511

6 Summary and Outlooks512

Sea surface wave generation is a highly resource-demanding process to achieve513

accurate NRCS at microwave frequencies. Indeed, large sea surface areas and high514

resolution are required. In this context, the Spectral Decomposition Method (SDM)515

is a useful tool to make the sea surface wave generation faster and less memory de-516

manding. Interpolation and combination techniques which complete the SDM have517

been presented. Three kinds of interpolation, linear, quadratic and cubic have been518

considered as well as two combination techniques, the Repeated Surfaces Technique519

(RST) and the Combined Surfaces Technique (CST). A study of the computational520

complexity of SDM has shown that the SDM reduces the complexity by a factor 10 to521

200, depending on the chosen combination technique. Similarly, the memory require-522

ment is shown to be drastically reduced by using SDM rather than the conventional523

spectral method, the reduction ratio is roughly 10−2 to 10−3. The SDM and these524

interpolation and combination techniques have been studied with regards to the char-525

acteristics of the generated sea surface geometry as well as with regards to the sea526

surface monostatic NRCS. The linear interpolation method appeared to be the best527

choice as it is the quickest interpolation process while presenting only weak distortions528

of the sea surface height spectrum (a crucial characteristic since its inverse Fourier529

transform is linked to the sea surface NRCS computed with SSA1). Using RST leads530

to a sea surface height spectrum being the conventional spectrum modulated by a peri-531

odic function. This behavior –never previously highlighted in the literature– has been532

analytically derived and numerically validated. The CST leads to a sea surface height533

spectrum close to the conventional one, excepting a few low frequency components. In534

spite of these differences, the height structure function of RST and CST are close to535

the one obtained with the conventional spectral method. As a consequence, the sea536

surface monostatic NRCS computed from the SDM with either the RST or the CST is537

in good agreement with the one computed from a conventional sea surface generation.538

Therefore, the SDM is demonstrated to be valid from near nadir to moderate obser-539

vation angles. This approach is analytically formalized –both in spatial and frequency540

domains for RST– and tested for a subdivision in two spectra according to the sea541

surface geometry characteristics and the monostatic NRCS.542

It can therefore be concluded that the SDM is a useful tool to accelerate the543

radar backscattering computation from large sea surfaces. In future work, it should544

be coupled with a two-scale electromagnetic model to further speed up the simulation.545

Moreover, the spectral decomposition method could be used to simulate sea surface546

waves with range variations of characteristics (wind speed in particular) and then to547

compute composite sea surface waves, closer to the real weather conditions.548

A: RST Sea Surface Height Spectrum549

From (9),550

hHF,T(x) = hHF(x) ∗
A−1∑
a=0

δ(x− aL) =
A−1∑
a=0

hHF(x− aL), (A.1)551

with hHF the A-times-repeated surface, L its length, hHF,T the reconstructed sea552

surface of length A×L and δ the Dirac delta function. Then, the height autocorrelation553
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function WHF,RST corresponding to the RST is expressed as554

WHF,RST(r) =
1

A

A−1∑
a=0

A−1∑
b=0

〈hHF(x1 − aL)h∗HF(x1 + r − bL)〉 (A.2)555

=
1

A

A−1∑
a=0

A−1∑
b=0

〈hHF(αa)h∗HF(αa + r + (a− b)L)〉556

=
1

A

A−1∑
a=0

A−1∑
b=0

WHF(r + (a− b)L),557

with WHF the theoretical height autocorrelation function, x1 an abscissa and αa =558

x1−aL. Therefore, by taking the Fourier transform of the height autocorrelation559

function, one can get560

SHF,RST(k) =
SHF(k)

A

A−1∑
a=0

A−1∑
b=0

exp[jk(a− b)L]. (A.3)561

Furthermore,562

A−1∑
a=0

A−1∑
b=0

exp[jk(a− b)L] =

[
A−1∑
a=0

exp(jkaL)

][
A−1∑
b=0

exp(jkbL)

]∗
. (A.4)563

This expression can be simplified by using formulas from geometric series to finally564

obtain565

SHF,RST(k) =
1

A

sin2(kAL2 )

sin2(kL2 )
SHF(k), (A.5)566

with SHF(k) the theoretical sea height spectrum. That is the response of a uniform567

linear array of phased antennas with SHF the elementary antenna.568

B: Sea Surface Monostatic NRCS, Additionnal Scenarios569

Figure B.1 plots the incoherent monostatic NRCS versus the incidence angle from570

a conventional sea surface generation –spectral method introduced in subsection 2.1–571

and from SDM with either RST or CST for two scenarios. These scenarios are: a radar572

frequency f = 5 GHz and a wind speed u10 = 8 m/s for the first and f = 10 GHz,573

u10 = 5 m/s for the second. As previously observed in section 5, the SDM and any of574

the suggested combination techniques do not quantitatively disturb the NRCS, both575

in VV and HH polarizations.576
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(a) Wind speed of 8 m/s, frequency f = 5 GHz,

VV polarization

(b) Wind speed of 8 m/s, frequency f = 5 GHz,

HH polarization

(c) Wind speed of 5 m/s, frequency

f = 10 GHz, VV polarization

(d) Wind speed of 5 m/s, frequency

f = 10 GHz, HH polarization

Figure B.1: Incoherent monostatic NRCS versus the incidence angle. Comparison of the
NRCS from conventional sea surface generation and the NRCS from SDM, considering the
two different combination techniques. 100 surfaces were generated.
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